We predict a spin pure dephasing channel in a spin-preserving electron tunneling between quantum dots in external magnetic field. The dephasing does not rely on any spin-environment coupling and is caused by a mismatch in g-factors in the two dots leading to distinguishability of phonon packets emitted during tunneling with opposite spins. Combining multiband k · p modeling and dynamical simulations via a Master equation we show that this fundamental effect of spin measurement effected by the phonon bath may be controlled by size and composition of the dots or by external fields. By comparing the numerically simulated degree of dephasing with the predictions of general theory based on distinguishability of environment states we show that the proposed mechanism is the dominating phonon-related spin dephasing channel in the system. PACS numbers: 03.65.Yz Dephasing processes are critical for coherent control of quantum states aimed at applications in spintronics [1][2][3][4] and quantum information, 5,6 where coherent superpositions of states can be used, among others, for computation beyond the classical schemes.
Any state manipulation has to be preceded by a coherent initialization that for spin states in quantum dots (QDs) can be achieved by spin-preserving tunneling, leading to exciton dissociation. [8] [9] [10] [11] [12] This process can be relatively fast, preventing slow spin flip processes from perturbing it. However, we have recently found, using a simple model, that a pure dephasing process may affect spin states in the exciton dissociation in a magnetic field.
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The process is an example of dephasing due to build-up of correlations with the environment and resulting information transfer. Owing to the analogy with double-slit interference experiments, 14, 15 a term which way decoherence is used for processes of this kind that may appear in a quantum system if the reservoir response to the system dynamics depends on its quantum state.
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The effect in question does not rely on any direct or spin-mixing-induced spinenvironment interaction and is exclusively due to a misfit between electron g-factors, and hence Zeeman splittings, in the two QDs. This results in different tunneling transition energies for the two spin orientations and leads to a which way dephasing process, where the phonon bath "measures" the spin state of the tunneling electron via the energy of the emitted phonon. Hence, even though spins confined in QDs offer long spin life times 18 and, under certain conditions, coherence times, 19 the which way dephasing limits the fidelity of spin initialization.
Here, we present accurate modeling of the quantum states and realistic dynamical simulations of the pure dephasing accompanying electron tunneling in double QD (DQD) systems. We focus on the the controllability of the degree of this dephasing based on its understanding as a which way decoherence. As such, it depends on the spectral overlap of phonon wave packets, which is determined by tunneling times and g-factor mismatch only. We derive this relationship explicitly from the WeisskopfWigner spontaneous emission theory and make a quantitative connection between distinguishability of emitted phonons and the amount of information about spin state leaking to the environment during tunneling. By comparing these calculations with the results of our simulation containing all phonon-driven and spin-orbit effects, we determine the which way channel to be the only relevant phonon-related spin dephasing mechanism present in the system on the relevant time scales. Qualitative understanding and quantitative characterization of this process allows us to propose ways of controlling and reducing the magnitude of dephasing via appropriate sample design and external fields, the latter yielding a feasible method of a real-time control over the coherence loss in real systems. For the system under study, the which way dephasing process presents a fundamental limitation to coherent spin initialization via exciton dissociation. On the other hand, the dephasing mechanism itself is generic and will affect spin coherence in transitions between states with different Zeeman splittings in any atomic, molecular or solid-state system.
We consider two vertically stacked, axially symmetric, coaxial In x Ga 1−x As dome-shaped QDs with a trumpetshaped gradient of the intradot material composition 20, 21 (varying from x = c 1(2) at QD1(2) top, down to 0.6 c 1 (2) at the bottom and 0.5 c 1 (2) in the wetting layer), in-plane base radii r 1(2) and a fixed height/radius ratio of 1/3, separated by the distance D = 15.6 nm along the z axis (see Fig. 1(a) ). In all calculations, parameters of QD2 are fixed at r 2 = 12 nm and c 2 = 0.43, while for QD1 are varied between r 1 = 12.5-16.1 nm and c 1 = 0.4-0.5, which in turn alters the electron g-factor, and hence gfactor mismatch, ∆g, between QDs, as well as the rates of phonon-assisted tunneling. A total of 26 structures was modeled and used in our calculations to cover the considered r 1 -c 1 plane with a regular grid (see Supple- mental Material [22] for details). In Table I we present both structural and calculated parameters of a selected subset of structures, chosen to represent various regimes of behavior, which will serve as exemplary throughout the paper. Electron wave functions are calculated within the 8-band k · p theory in the envelope function approximation [26] [27] [28] with spin-orbit effects, external electric and magnetic fields, 29 as well as strain 30, 31 and induced piezoelectric field [32] [33] [34] up to the second order in polarization included (see Ref. [35] for details of the model and numerical methods, as well as material parameters used, except piezoelectric coefficients that are taken after Ref. [34] ). An example of the electron density in the ground state is presented against the material composition profile in Fig. 1(b) . As marked, the magnetic field has in-plane orientation in order to simulate magneto-optical experiments like time-resolved Faraday/Kerr rotation.
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Additionally, we use an electric field applied along the growth axis as a fine-tuning parameter to assure that mixing of states localized in the QDs (delocalization in the ground state) is uniform among the whole ensemble of modeled DQD structures obtained by variation of QD2 parameters, i.e. in each of modeled artificial molecules the amount of electron occupation transferred during tunneling is the same. Within this model, we calculate four lowest electron states and use them as a basis set for further calculations, {|1+ , |1− , |2+ , |2− } with energies E 1(2)± (see Fig. 1(b) for the energy diagram) , where ± distinguishes Zeeman states and the numbers correspond to the QD in which the most of the electron density is localized. Henceforth, we shall call it for simplicity an electron in QDi with a given spin orientation, being aware of an implicit multi-band nature of these states and the partial electron delocalization essential for tunneling. For the presentation of results the |↑/↓ spin basis with respect to the z axis will also be used.
The acoustic phonon reservoir is described by and ψ i is an 8-component pseudo-spinor of electron envelope functions for the i-th eigenstate spanned in the standard k · p basis. The second term accounts for the interaction of carriers with a longitudinal piezoelectric field produced by phonons and takes the form
where 
written in the interaction picture with respect to
kept in the Schrödinger picture; ρ e = Tr ph ρ is the electron reduced density matrix,
is the Bose distribution, and ω q,λ are phonon frequencies. Tunneling times for the two spin states are determined from the Fermi's golden rule, τ ± = [2πR ijji (ω ji )] −1 with i = 2±, j = 1±. We solve Eq. (1) numerically with the initial state, |2 ↑ = (|2+ + |2− )/ √ 2, corresponding to an optical initialization with an appropriate circular polarization. Unless otherwise stated, the calculations are done for B = 5 T and T = 0 K. We begin the discussion of results with an overview of spin dynamics during electron tunneling in the magnetic field, presented in Fig. 2 , where the evolution of the total spin polarization and spin coherence is plotted for selected DQD structures differing mainly in the mismatch of Zeeman splittings between QDs, ∆ Z = ∆gµ B B (see Table I ). One may notice damping of spin precession accompanied by a proportional spin coherence loss, both related to but not uniquely determined by the Zeeman splitting mismatch, which suggests there is another factor involved. Note that decoherence takes place once in the course of tunneling, as the spin coherence becomes nearly constant after a few tunneling times interval.
To quantitatively associate this decoherence with the which way process we calculate spin coherence after tunneling within the Weisskopf-Wigner 40, 41 theory of spontaneous emission adapted to the phonon bath (see Supplemental Material [22] ). This gives the amount of coherence that would be preserved after tunneling if the only dephasing in the system originated from the spontaneous emission of nonidentical phonons, which is the process under consideration. In this approach, the preserved coherence may be calculated as an overlap of reservoir states produced during tunneling of opposite spins, C = R + | R − , where
q,λ b † q,λ |R 0 , |R 0 is the initial state of the bath, and c
describe the distribution of phonon modes in emitted wave packets (see insets in Fig. 3(a) ). The derivation
which is defined by the Zeeman splitting mismatch and tunneling times only. Although shorter tunneling times are favorable for higher coherence it is not a matter of competition between the tunneling rate a decoherence rate. In fact, the dephasing is a one-time process tied to the tunneling and is not characterized by a rate; instead, the characteristic parameter is the mismatch of Zeeman splittings which is not related to any rate. In Fig. 3(a) we confront the preserved spin coherence calculated according to Eq.(2) with its asymptotic values from our simulation for a set of 25 structures and find these two to coincide perfectly, which confirms our assumption on the dominant decoherence mechanism and, additionally, shows it to be the only relevant spin dephasing channel present in the system. Moreover, one may notice that with the variation of QD1 size and composition within reasonable ranges it is possible to cover a full range of preserved coherence values. We propose to use this tunability to design structures of desired properties. The green circle shows the result obtained for an additional structure, SX, intentionally designed to switch off spin dephasing by reducing ∆g by fine-tuning structure parameters, based on the extrapolated dependence of ∆g on r 1 and c 1 (see Supplemental Material [22] ) presented as a color map in Fig. 3(b) .
Controlling the degree of dephasing by tuning the gfactor mismatch at the stage of QD growth requires extremely precise manufacturing technology and may not be feasible. A practical control protocol should rely on external fields applied to the sample. Obviously, since dephasing is due to the mismatch of Zeeman splittings, it can be eliminated by reducing the magnitude of the magnetic field. The magnetic field dependence of the pre- served coherence is plotted in Fig. 4(a) for selected structures. The dependence is Lorentzian-like with a width proportional to 1/(τ + τ − ∆g). Thus, on the one hand, tuning the system into a fast tunneling regime (S22) may be used to widen the range of magnetic fields for which tunneling is reasonably coherent. On the other hand, slow tunneling allows one to switch between coherent and incoherent tunneling with small changes in low magnetic field, e.g. coherence changes between 0.035 and 0.5 for B under 1 T in the case of S1. Another feasible way of controlling spin decoherence in the system is to take advantage of the oscillation of tunneling rates versus transition energy (with a period connected to the inter-dot distance).
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The latter may be tuned with an axial electric field. However, this changes the degree of electron localization, up to now was kept on a fixed level. Both these dependencies are plotted in Fig.  4(b) . We find that decoherence can be controlled within a range of values extending over many orders of magnitude, while keeping the electron localized and within reasonable tunneling times regime.
Saturation of spin coherence in Fig. 2 results from the fact that tunneling at T = 0 is irreversible, hence the decoherence process takes place only once. In contrast, at T > 0 thermally activated back-tunneling becomes possible, which turns the spin dephasing into a continuous process, accompanying the repeated virtual tunneling between the dots. Both analytical results from the Master equation and numerical simulations predict a simple exponential decay in this case as discussed in detail in the Supplemental Material [22] . The dependence of the coherence decay time on temperature is shown in Fig. 4(c) . Each simulation result can be fitted by an exponential function representing a thermally activated process with an appropriate transition energy.
In summary, we have presented a theoretical prediction of a spin dephasing channel for a spin-preserving tunneling of electrons between two coupled subsystems in a magnetic field. The dephasing originates from distinguishability of reservoir excitations induced by dissipative tunneling in the opposite spin states, and hence the resulting leakage of information about the spin state to the environment. The process in question is thus of fundamental nature and analogous to those resulting from measuring the particle position in double-slit experiments. While the dephasing mechanism is general, we have presented its detailed quantitative analysis for coupled self-assembled QDs, based on realistic multi-band k · p modeling and dynamical simulations of orbital and spin degrees of freedom using a non-secular Markovian master equation, combined with an analysis of reservoir state indistinguishability. The effect has been shown to essentially depend on the mismatch in electron g-factors in the two dots and also scale with tunneling times, both of which define the spectral overlap of emitted phonon wave packets corresponding to the two spin orientations. Additionally, we have proved that the predicted effect is the only phonon-related dephasing mechanism relevant in the discussed system. Finally, we have proposed ways of controlling spin decoherence both at the manufacturing stage via size and composition of coupled QDs, as well as on demand, by appropriate tuning of external fields. The latter promises a feasible method of a real-time control over spin decoherence across many orders of magnitude. The details of the ensemble of DQD structures used in simulations are as follows. A total of 27 numerically modeled structures were used in our calculations. Those labeled by S1-S25 differ in the QD1 base radius r 1 and indium composition c 1 , and form a 5 × 5 grid in the (r 1 , c 1 ) parameter plane, regular with respect to each of the axes. Additional two structures, labeled SX and SY, were used to simulate dephasing-free systems and will be discussed in the next section. Characteristics of all the structures are presented in Table AI , where also calculated g-factor mismatch, tunneling times and transition energies as well as preserved spin coherence values are given. Additionally, in Fig. A1 the structures are represented in the (r 1 , c 1 ) plane.
AII. EXTRAPOLATION OF RESULTS
In this section we present details of the extrapolation procedure that has been used to obtain the dependence of g-factor mismatch on the size and composition of QD1, which is presented as a color map in Fig. 3(b) . We use gfactor mismatch values, ∆g, calculated for all structures in the ensemble (S1-S25) to probe the r 1 c 1 plane and obtain an extrapolated dependence, ∆g = f (r 1 , c 1 ). Expecting a close to linear dependence of electron g-factor on a uniform size change of the QD 1, 2 and terms up to quadratic in the dependence on In concentration (inherited after quadratic corrections to the interpolation of the bulk g-factor between GaAs and InAs, commonly referred to as bowing dence, ∆g (r 1 , c 1 ), is presented in Fig. A1 as a color map together with an estimated line of ∆g = 0. Following the latter, SX was designed to diminish the g-factor mismatch via tuning of In content of S21 (see Table AI for characteristics of structures). To check the range of applicability of the fit, another structure, labeled SY, was designed with the value of c 1 aiming in the predicted ∆g = 0 line, but far from the area of parameters covered by the ensemble of structures taken for the fitting procedure. The numerically calculated value of ∆g ∼ 10 −4 in this case proves the fit is sufficiently good for its purpose in the considered range of parameters. Characteristics of all the modeled DQD structures used in the paper: name, QD1 radius and maximal In content, calculated g-factor mismatch between states localized in the two QDs, tunneling times at T = 0 K and transition energies for the two spin states, as well as preserved spin coherence, respectively. Structures used as exemplary in the paper are highlighted. 
AIII. DECOHERENCE DUE TO DISTINGUISHABILITY OF ENVIRONMENT STATES
The process of spin-preserving tunneling may be asymptotically described as
where coefficients C ± define the spin superposition, |R 0 is the phonon bath initial state, and the bath states produced during tunneling of electron with two spin orientations may be expanded in the basis of phonon modes as
where c
q,λ are complex coefficients. The relevant part of the reduced density matrix (for the target dot, i.e. QD1 spatial subspace) after tunneling is thus
and spin coherence preserved in the process may be found from its off-diagonal element as
(A2)
The phonon reservoir states (defined by the sets of
q,λ ) may be calculated within the Wigner-Weisskopf theory of spontaneous emission from a two-level system 4, 5 , adapted here to the case of phonon reservoir and distinct tunneling channels for the two spin states. We begin with a Hamiltonian describing the coupling of the carrier subsystem to phonon modes written in the interaction picture and rotating-wave approximations q,λ = g (−) q,λ * ≡ g q,λ , ω q,λ = qc λ , and c λ is the speed of sound. We look for a solution describing the spin-preserving tunneling by imposing the time dependence of c
The Schroödinger equation, |ψ(t) = −(i/ )H RWA e-ph |ψ(t) , may be transformed to a linear integro-differential equation for c 2 (t)
where, after replacing the sum over the wave vector with an integral in the spherical coordinates, the leading contribution comes from the vicinity of ω η = ω q,λ , which leads to the solution c 2 (t) = c 2 (0) e
−Γt
, where Γ = Γ + + Γ − . Here, Γ ± are the tunneling rates for the two spin eigenstates (consistent with those defined in the paper within the theory of open quantum systems),
where V is the unit cell volume, Ω the solid angle, and q± ≡ (ω ± /c λ , φ, θ) is a phonon wave vector with a fixed magnitude corresponding to the frequency of the emitted phonon. The solution for c
which, in the limit of t → ∞, gives desired asymptotic coefficients
. Now, after replacing the sum over the wave vector with an integral in the spherical coordinates in Eq. (A2) it becomes
is the Debye frequency. In the integrand, the denominator defines two peaks centered at ω ± and widened by 1/τ ± , compared to which the numerator varies slowly with ω q,λ . Using this fact, we substi-
for it (which would be exact in the limit of equal Dirac delta peaks). As
λ , the limits of integration over frequency may be extended to ±∞ and we obtain
Comparing this with Eq. (A3) we get
where L ω,Γ is the Lorentzian function and we have made use of the approximate equality of geometric and arithmetic means as |Γ + − Γ − | Γ ± . Finally, the evaluation of the last integral gives
which for the case of the equal spin superposition with C ± = 1/ √ 2 yields the Eq. (2) used in the paper.
AIV. SPIN DECOHERENCE AT FINITE TEMPERATURE
A non-zero probability of back-tunneling at finite temperature results in an additional process of continuous accumulative spin decoherence. Here, we work in the interaction picture also with respect to the Zeeman Hamiltonian, as we are not explicitly interested in spin precession. For simplicity, we neglect all spin-flip processes, namely spin relaxation within a QD and spin-flip accompanied tunneling, as these have no observable contribution to spin decoherence in the considered timescale, as has been proven in the paper via numerical simulations. This corresponds to setting R ijkl = 0 in the Master equation, Eq. (1), if any of the two pairs of indices, (ij) or (kl), is not matched in a spin state (±). Additionally, we assume all diagonal electron-phonon couplings to be equal, which means that all R iikl and R klii are i-independent. Such simplification partly decouples the time evolution of density matrix elements, in particular yields a closed set of two equations for spin coherences, 
where we have changed state labels from {1−, 1+, 2−, 2+} to {1, 2, 3, 4} for clarity. First, we check the T = 0 K limit. Considering that R ijkl (ω mn ) = exp − ωnm kT R ijkl (ω nm ), spectral densities with m > n describe thermally activated processes and vanish, hence the equations are simplified to
where we notice that ω 24 − ω 13 = ∆ Z / is the tunneling frequency mismatch, and R 4224 (ω 24 )+R 3113 (ω 13 ) =Γ/π, withΓ being the average tunneling rate. The sum of spectral densities in the first equation, R 1342 (ω 24 ) + R 1342 (ω 13 ) ≡Γ/π, may be expected to be of similar value, i.e. we assume thatΓ ≈Γ. We deal then with an exponential spin coherence outflow from QD2 taking place during tunneling, while the related inflow to QD1 is affected by a phase factor oscillating with frequency equal to ∆ Z / , resulting from the fact that the transfer takes place between coherences oscillating with such a frequency mismatch inherited from the Larmor precession of spins. The solution for the total spin coherence in the case of the equal initial spin superposition is
where, apart from oscillations, a term in the denominator responsible for reducing the inflow part is present. Calculating the asymptotic value, we find a formula for the preserved coherence,
which is identical as the one derived within the theory of spontaneous emission in Sec. AIII. Next, we return to equations (A4) and focus only on terms that arise at T > 0 K, namely 1|ρ e |2 1|ρ e |2 kT R 3124 (ω 13 ) 1|ρ e |2 .
In the first equation, we now see the damping of the ground-state spin coherence 1|ρ e |2 with a rate proportional to the rate of thermally activated tunneling to the higher energy dot. The approximate rate of this process, and hence of associated spin decoherence is
kT , so, for long enough times (after a few tunneling times), at which the dynamics governed by i|ρ e |j T =0 K is already at equilibrium, we deal with a thermally activated exponential coherence loss. In Fig. A2 we present numerically simulated time evolution of spin coherence for structure S22 at various temperatures (solid lines) along with the electron localization (dashed lines). One may notice that at low temperatures the two processes take place at well-resolved timescales, while at T > 25 K the virtual tunneling becomes effective enough to coincide with the real process. This is the reason for the deviation of numerically estimated decoherence times from expected exponential tendency at higher temperatures, which may be found in Fig. 5 . 
